We introduce the Hom-analogue of the L-R-smash product and use it to define the Homanalogue of the diagonal crossed product. When H is a finite dimensional Hom-Hopf algebra with bijective antipode and bijective structure map, we define the Drinfeld double of H; its algebra structure is a Hom-diagonal crossed product and it has all expected properties, namely it is quasitriangular and modules over it coincide with left-right Yetter-Drinfeld modules over H.
Introduction
Hom-type algebras appeared first in physical contexts, in connection with twisted, discretized or deformed derivatives and corresponding generalizations, discretizations and deformations of vector fields and differential calculus (see [1, 2, 11, 12, 13, 14, 18, 19, 20, 26, 27, 30] ). These papers dealt mainly with q-deformations of Heisenberg algebras (oscillator algebras), the Virasoro algebra and quantum conformal algebras, applied in Physics within string theory, vertex operator models, quantum scattering, lattice models and other contexts.
In [24, 29] the authors showed that a new quasi-deformation scheme leads from Lie algebras to a broader class of quasi-Lie algebras and subclasses of quasi-Hom-Lie algebras and HomLie algebras. The study of the class of Hom-Lie algebras, generalizing usual Lie algebras and where the Jacobi identity is twisted by a linear map, has become an active area of research. The corresponding associative algebras, called Hom-associative algebras, where introduced in [34] and it was shown that a commutator of a Hom-associative algebra gives rise to a Hom-Lie algebra. For further results see [3, 22, 23, 33, 35, 43, 45, 49] . The coalgebra counterpart and the related notions of Hom-bialgebra and Hom-Hopf algebra were introduced in [36, 37] and some of their properties, extending properties of bialgebras and Hopf algebras, were described.
we have an algebra isomorphism A Q ⊗ R B ≃ A ⊗ P B). Now if H is a Hom-bialgebra and D is an H-bimodule Hom-algebra, we can define in a natural way a Hom-L-R-twisted tensor product D Q ⊗ R H, which is denoted by D ♮ H and called the Hom-L-R-smash product. It turns out that, under some extra hypotheses (among them, the existence of a bijective antipode on H), the map Q is bijective, so we have the Hom-twisted tensor product D ⊗ P H, where P = Q −1 • R; this will be the Hom-diagonal crossed product D ⊲⊳ H we are looking for. Moreover, if H is a finite dimensional Hom-Hopf algebra with bijective antipode and bijective structure map, we can build such a Hom-diagonal crossed product H * ⊲⊳ H, and this will be the algebra structure of the Drinfeld double D(H).
To find the rest of the structure of D(H), we define left-right Yetter-Drinfeld modules over H, note that they form a braided monoidal category (we analyzed this in detail for left-left Yetter-Drinfeld modules in [38] ), prove that the category of modules over D(H) is isomorphic to the category of left-right Yetter-Drinfeld modules and then transfer all the structure from H YD H to D(H). It turns out that D(H) is a quasitriangular Hom-Hopf algebra, as expected.
Preliminaries
We work over a base field k. All algebras, linear spaces etc... will be over k; unadorned ⊗ means ⊗ k . For a comultiplication ∆ : C → C ⊗ C on a vector space C we use a Sweedler-type notation ∆(c) = c 1 ⊗ c 2 , for c ∈ C. Unless otherwise specified, the (co)algebras ((co)associative or not) that will appear in what follows are not supposed to be (co)unital, and a multiplication µ : V ⊗ V → V on a linear space V is denoted by juxtaposition: µ(v ⊗ v ′ ) = vv ′ .
We recall some concepts and results, fixing the terminology to be used throughout the paper. For Hom-structures, we use terminology as in our previous papers [38] , [39] . 
If we define on A⊗B a multiplication by (a⊗b)(a ′ ⊗b ′ ) = a Q a ′ R ⊗b R b ′ Q , then this multiplication is associative. This algebra structure will be denoted by A Q ⊗ R B and will be called the L-R-twisted tensor product of A and B afforded by the maps R and Q. In the particular case Q = id A⊗B , the L-R-twisted tensor product A Q ⊗ R B reduces to the twisted tensor product A⊗ R B introduced in [10] , [42] , whose multiplication is defined by
2 Let H be a bialgebra and D an H-bimodule algebra in the usual sense, with
Then we have an L-R-twisted tensor product D Q ⊗ R H, which is denoted by D ♮ H and is called the L-R-smash product of D and H (cf. [40] ). If we denote
If H is moreover a Hopf algebra with bijective antipode, we can define as well the so-called diagonal crossed product D ⊲⊳ H (cf. [25] , [8] ), an associative algebra structure on D ⊗ H whose multiplication is defined (we denote
If the action of H on D is unital, we have D ♮ H ≃ D ⊲⊳ H, cf. [40] .
Definition 1.3 (i)
A Hom-associative algebra is a triple (A, µ, α), in which A is a linear space, α : A → A and µ : A ⊗ A → A are linear maps, with notation µ(a ⊗ a ′ ) = aa ′ , such that
for all a, a ′ , a ′′ ∈ A. We call α the structure map of A.
(ii) A Hom-coassociative coalgebra is a triple (C, ∆, α), in which C is a linear space, α : C → C and ∆ : C → C ⊗ C are linear maps (α is called the structure map of C) such that
Remark 1.4
Assume that (A, µ A , α A ) and (B, µ B , α B ) are two Hom-associative algebras; then (A ⊗ B, µ A⊗B , α A ⊗ α B ) is a Hom-associative algebra (called the tensor product of A and B), where µ A⊗B is the usual multiplication:
is a Hom-associative algebra, (H, ∆, α) is a Hom-coassociative coalgebra and moreover ∆ is a morphism of Hom-associative algebras.
Thus, a Hom-bialgebra is a Hom-associative algebra (H, µ, α) endowed with a linear map ∆ : H → H ⊗ H, with notation ∆(h) = h 1 ⊗ h 2 , such that, for all h, h ′ ∈ H, we have:
, [45] ) (i) Let (A, µ) be an associative algebra and α : A → A an algebra endomorphism. Define a new multiplication
(ii) Let (C, ∆) be a coassociative coalgebra and α : C → C a coalgebra endomorphism. Define a new comultiplication
be a bialgebra and α : H → H a bialgebra endomorphism. If we define µ α and ∆ α as in (i) and (ii), then H α = (H, µ α , ∆ α , α) is a Hom-bialgebra.
is a left H-module, with action denoted by H ⊗ A → A, h ⊗ a → h · a, such that the following condition is satisfied:
(1.14) 
for all h ∈ H and a ∈ A. If we consider the Hom-bialgebra
is a right H-module, with action denoted by C ⊗ H → C, c ⊗ h → c · h, such that the following condition is satisfied:
be a bialgebra and (C, µ C ) a right H-module algebra in the usual sense, with action denoted by C ⊗ H → C, c ⊗ h → c · h. Let α H : H → H be a bialgebra endomorphism and α C : C → C an algebra endomorphism, such that α C (c · h) = α C (c)·α H (h), for all h ∈ H and c ∈ C. Then the Hom-associative algebra
becomes a right module Hom-algebra over the Hom-bialgebra 
where we used a standard notation for the operators T ij , namely
is also a Hom-associative algebra. The map T is called a Hom-twistor. 
Assume that the following conditions are satisfied: 
Define the maps
Then P 1 is a Hom-twisting map between A ⊗ R 1 B and C, P 2 is a Hom-twisting map between A and B ⊗ R 2 C, and the Hom-associative algebras (A ⊗ R 1 B) ⊗ P 1 C and A ⊗ P 2 (B ⊗ R 2 C) coincide; this Hom-associative algebra will be denoted by A ⊗ R 1 B ⊗ R 2 C and will be called the iterated Hom-twisted tensor product of A, B, C.
Hom-algebra and (C, µ C , α C ) a right H-module Hom-algebra, with actions denoted by H ⊗ A → A, h ⊗ a → h · a and C ⊗ H → C, c ⊗ h → c · h, and assume that the structure maps α H , α A , α C are bijective. Then: (i) We have the following Hom-twisting maps:
Thus, we can consider the Hom-associative algebras A⊗ R 1 H and H ⊗ R 2 C, which are denoted by A#H and respectively H#C and are called the left and respectively right Hom-smash products. If we denote a ⊗ h := a#h and h#c := h ⊗ c, for a ∈ A, h ∈ H, c ∈ C, the multiplications of the smash products are given by
and the structure maps are α A ⊗ α H and respectively α H ⊗ α C .
(ii) Consider as well the trivial Hom-twisting map
satisfy the braid relation, so we can consider the iterated Hom-twisted tensor product A ⊗ R 1 H ⊗ R 2 C, which is denoted by A#H#C and is called the two-sided Hom-smash product. Its structure map is α A ⊗ α H ⊗ α C and its multiplication is defined by
Definition 1.17 ([46] , [47] ) Let (H, µ, ∆, α) be a Hom-bialgebra and R ∈ H ⊗ H an element, with Sweedler-type notation R = R 1 ⊗R 2 = r 1 ⊗r 2 . Then (H, µ, ∆, α, R) is called quasitriangular Hom-bialgebra if the following axioms are satisfied:
26)
for all h ∈ H, where we denoted as usual
Hom-L-R-twisted tensor products of algebras
We introduce the Hom-analogue of Proposition 1.1.
Proposition 2.1 Let (A, µ A , α A ) and (B, µ B , α B ) be two Hom-associative algebras and R :
Then A ⊗ B with this multiplication is a Hom-associative algebra with structure map α A ⊗ α B , denoted by A Q ⊗ R B and called the Hom-L-R-twisted tensor product of A and B afforded by the maps R and Q.
Proof. The fact that α A ⊗ α B is multiplicative follows immediately from (2.1) and (2.2). Now we compute (denoting R = r = R and Q = q =Q):
finishing the proof.
Obviously, a Hom-twisted tensor product A ⊗ R B is a particular case of a Hom-L-R-twisted tensor product, namely A ⊗ R B = A Q ⊗ R B, where Q = id A⊗B . On the other hand, if A and B are Hom-associative algebras and Q : A ⊗ B → A ⊗ B is a linear map satisfying the conditions (2.2), (2.5) and (2.6), then the multiplication
Q defines a Hom-associative algebra structure on A ⊗ B, denoted by A Q ⊗ B; this is a particular case of a Hom-L-R-twisted tensor product, namely
is a Hom-L-R-twisted tensor product, we can consider as well the Hom-associative algebras A ⊗ R B and A Q ⊗ B.
By using some computations similar to the ones performed in [39] , Propositions 2.6 and 2.10, one can prove the following two results: Proposition 2.2 Let (A, µ A , α A ) and (B, µ B , α B ) be Hom-associative algebras and A Q ⊗ R B a Hom-L-R-twisted tensor product. Define the linear maps T, U, V :
Then T is a Hom-twistor for A ⊗ B, U is a Hom-twistor for A ⊗ R B, V is a Hom-twistor for
Proposition 2.3 Let (A, µ A ) and (B, µ B ) be two associative algebras, α A : A → A and α B : B → B algebra maps and
. Then we have a Hom-L-R-twisted tensor product A α A Q ⊗ R B α B , which coincides with (A Q ⊗ R B) α A ⊗α B as Hom-associative algebras.
The next result is the Hom-analogue of [17] , Proposition 2.9.
Proposition 2.4
Let A Q ⊗ R B be a Hom-L-R-twisted tensor product of the Hom-associative algebras (A, µ A , α A ) and (B, µ B , α B ) with bijective structure maps α A and α B and assume that Q is bijective with inverse Q −1 . Then the map P : B⊗A → A⊗B defined by P = Q −1 •R is a Homtwisting map, and we have an isomorphism of Hom-associative algebras Q :
Proof. Let a, a ′ ∈ A and b, b ′ ∈ B; we denote
The relation (1.20) for P follows immediately from (2.1) and (2.2). Now we compute:
By applying Q −1 to this equality we obtain
, which is (1.21) for P . Similarly one can prove (1.22) for P , so P is indeed a Hom-twisting map. Since Q satisfies (2.2), the only thing left to prove is that Q : A ⊗ P B → A Q ⊗ R B is multiplicative. We compute:
Proposition 2.5
Let A ⊗ R 1 B ⊗ R 2 C be an iterated Hom-twisted tensor product of the Homassociative algebras (A, µ A , α A ), (B, µ B , α B ), (C, µ C , α C ) for which the map R 3 : C ⊗A → A⊗C is the flip map c ⊗ a → a ⊗ c. Define the linear maps
Then we have a Hom-L-R-twisted tensor product (A ⊗ C) Q ⊗ R B, and an isomorphism of Hom-associative algebras
Proof. One has to prove the relations (2.1)-(2.8) for R and Q. The relations (2.1)-(2.6) are easy consequences of the fact that R 1 and R 2 are Hom-twisting maps, (2.7) is trivially satisfied while (2.8) is a consequence of the braid relation, which in our situation (R 3 is the flip) boils down to
is a Hom-L-R-twisted tensor product, with multiplication
Again because R 3 is the flip, the multiplication in the iterated Hom-twisted tensor product
3 Hom-L-R-smash product 
We prove now that this is indeed the "appropriate" concept of bimodule for the class of Hom-associative algebras. Recall first from [41] the following concept. Let C be a class of (not necessarily associative) algebras, A ∈ C and M a linear space with two linear actions a⊗m → a·m and m ⊗ a → m · a of A on M . On the direct sum A ⊕ M one can introduce an algebra structure (called the semidirect sum or split null extension) by defining a multiplication in A ⊕ M by
for all a, a ′ ∈ A and m, m ′ ∈ M . Then, if A ⊕ M with this algebra structure is in C, we say that M is an A-bimodule with respect to C. If C is the class of all associative algebras or of all Lie algebras, one obtains the usual concepts of bimodule for these types of algebras. We have then the following result: Proof. It is easy to see that
so the multiplication on B is Hom-associative if and only if
for all a, a ′ , a ′′ ∈ A and m, m ′ , m ′′ ∈ M . Also, clearly α B is multiplicative if and only if
for 
Definition 3.5 Let (H, µ H , ∆ H , α H ) be a Hom-bialgebra. An H-bimodule Hom-algebra is a Hom-associative algebra (D, µ D , α D ) that is both a left and a right H-module Hom-algebra and such that (D, α D ) is an H-bimodule.
We can introduce now the Hom-analogue of the L-R-smash product.
, and assume that the structure maps α D and α H are both bijective. Define the linear maps 
Proof. Note first that R is exactly the Hom-twisting map defining the Hom-smash product D#H, so R satisfies the conditions (2.1), (2.3), (2.4). With a proof similar to the one in [39] , one can prove that the map Q satisfies the conditions (2.2), (2.5), (2.6). Proof of (2.7):
Proof of (2.8):
As a consequence of Proposition 2.3, we immediately obtain the following result:
Proposition 3.7 Let (H, µ H , ∆ H ) be a bialgebra and (D, µ D ) an H-bimodule algebra in the usual sense, with actions denoted by
If we consider the Hom-bialgebra
If we assume that moreover the maps α H and α D are bijective, if we denote by D ♮ H the L-R-smash product between D and H, then α D ⊗ α H is an algebra endomorphism of D ♮ H and the Hom-associative algebras
Example 3.8 Let (H, µ H , ∆ H , α H ) be a Hom-bialgebra such that α H is bijective. The vector space H * becomes a Hom-associative algebra with multiplication and structure map defined by:
H (h)), for all f, g ∈ H * and h ∈ H. Then for any p, q ∈ Z, this Hom-associative algebra H * can be organized as an H-bimodule Hom-algebra (denoted by H * p,q ) with actions defined as follows:
for all h, h ′ ∈ H and f ∈ H * . Note that β is bijective and β −1 = α * H , the transpose of α H . So, we can consider the Hom-L-R-smash product H * p,q ♮ H, whose structure map is β ⊗ α H and whose multiplication is
= A ⊗ C as the tensor product Hom-associative algebra. Define the linear maps
Then one can easily check that A ⊗ C with these actions becomes an H-bimodule Hom-algebra. Assume that moreover the structure maps α H , α A , α C are bijective, so we can consider the Hom-L-R-smash product (A ⊗ C) ♮ H. Then, by writing down the formula for the multiplication in (A ⊗ C) ♮ H, and then by applying Proposition 2.5, we obtain that (A ⊗ C) ♮ H is isomorphic to the two-sided Hom-smash product A#H#C.
4 Hom-diagonal crossed product Definition 4.1 (i) If (A, µ, α) is a Hom-associative algebra, we say that A is unital if there exists an element 1 A ∈ A such that
If f : A → B is a morphism of Hom-associative algebras, we say that f is unital if f (1 A ) = 1 B .
(ii) If (C, ∆, α) is a Hom-coassociative coalgebra, we say that C is counital if there exists a linear map ε C : C → k such that
3)
If f : C → D is a morphism of Hom-coassociative coalgebras, we say that f is counital if 
As consequences of the axioms, and assuming that α H is bijective, we have the following relations satisfied for a Hom-Hopf algebra:
If S is bijective, we have, as an immediate consequence of (4.8), (4.12) and (4.10):
(4.14) 
such that α D and α H are both bijective and
Proof. We check only that Q −1 • Q = id, the proof for Q • Q −1 = id is similar and left to the reader. We compute: This Hom-associative algebra D ⊗ P H will be denoted by D ⊲⊳ H and will be called the Hom-diagonal crossed product of D and H. The map P is defined by
By a direct computation, one can check that the "twisting principle" holds also for diagonal crossed products, namely: Proposition 4.5 Assume that we are in the hypotheses and notation of Proposition 3.7, assuming moreover that α H and α D are bijective and (H, µ H , ∆ H , 1 H , ε H ) is a unital and counital Hopf algebra with bijective antipode S and we have α We need to characterize (left) modules over a Hom-diagonal crossed product, and we obtain first a characterization of (left) modules over a Hom-twisted tensor product. We begin with some definitions. 
Remark 4.7 Let D ⊲⊳ H = D ⊗ P H be a Hom-diagonal crossed product such that D is a unital Hom-associative algebra and 
Consequently, the Hom-diagonal crossed product H * p,q ⊲⊳ H is unital with unit ε H ⊲⊳ 1 H . 
If this is the case, the left A ⊗ R B-module structure on M is given by
, and the conditions (1.7) and (1.8) for the actions of A and B follow immediately from the ones corresponding to the action of A ⊗ R B. We need to prove (4.17). We compute:
On the other hand, by using (1.8), we have 
finishing the proof. The concept of left-left Yetter-Drinfeld module over a Hom-bialgebra was introduced in [38] . Similarly one can introduce left-right Yetter-Drinfeld modules. Since we will be interested here to work over Hom-Hopf algebras, we will impose unitality conditions and bijectivity of structure maps in the definition. 
